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Model for Pure Source Flow Chemical Lasers

Kerry E. Patterson,* Jad H. Batteh, T and Steade S. Howie}
Science Applications, Inc., Atlanta, Georgia

A computationally efficient model is developed for the coupled gasdynamics and kinetics in a pure source flow
chemical laser. Average flow properties are calculated using the one-dimensional equations for flow with area
expansion and heat release. The flame sheet approximation is used to describe the mixing, and subsequent
reaction, of the fuel and oxidizer streams. The gasdynamic properties of the mixed zone are assumed to be
related in a simple way to the average flow properties. Application of the model to an HF laser indicates that the
chemical efficiency of the laser is increased by increasing the nozzle exit Mach number, decreasing the initial
source flow radius, decreasing the throughput, and increasing the mixing rate.

I. Introduction

N recent years considerable effort has been expended in the

development of chemical lasers because of their potential
as efficient sources of laser radiation.' The source flow
chemical laser, in particular, has emerged as a promising
candidate for achieving high-power, continuous wave (cw)
lasing. The advantage of the source flow concept lies in its use
of an expanding flowfield to limit the temperature and
pressure rise in the cavity, thereby allowing the.laser to
operate at low diluent levels.

In this paper we will focus on the chemically pumped cw
HF laser. The particular source flow laser we will investigate
is shown in Fig. 1. This design, which is characteristic of
concepts proposed by the TRW Defense and Space Systems
Group, consists of a series of supersonic oxidizer streams
which enter the laser cavity from an array of source flow
nozzles. The nozzles are fed by combustors in which the
atomic fluorine is generated. As the oxidizer stream expands
into the laser cavity, it mixes with the laser fuel (H, in this
case) which is injected sonically from wedges placed at the
nozzle exit. The exothermic reaction resulting from the mixing
of the two streams creates the vibrationally excited HF. Thus,
in this design mixing of the reactants occurs in a plane or-
thogonal to the expansion plane of the flow.

Detailed treatments>® of source flow concepts have been
developed but their complexity and lengthy computation time
limit their utility for exploring wide ranges of geometry and
operating conditions. On the other hand, simple models such
as those developed by Mirels* and Grohs and Emanuel® have
led to useful, simple scaling laws for chemical laser per-

, formance but they do not account for the streamwise
variations in the flowfield which occur due to flow expansion
and heat addition. The model described in this paper lies
between these two extremes in that we use a coupled, albeit
simplified, model for the gasdynamics and lasing kinetics in
the cavity.  * .

In this analysis, the effect of the base region between
nozzles on laser performance is ignored. In other words, the
distance between nozzle centerlines is assumed to be large
enough that there is no mutual interaction between the flows
of adjacent nozzles until some point downstream of where
lasing has terminated. Until this point is reached, the cavity
flowfield is assumed to retain a pure source flow character.
The base region between adjacent source flows is modeled
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simply as a zero-gain region. In reality, however, the pressure
in the base region will differ from the pressure in the source
flow, leading to deviations from pure source flow behavior.
An analysis of this effect is presented elsewhere.$

This paper is organized as follows. In Sec. II, we develop
the basic gasdynamic and lasing equations for our model of
an HF pure source flow chemical laser. We illustrate the use
of the model in Sec. III where we investigate the effects of
geometry and nozzle exit conditions on lasing efficiency.
Section IV presents a summary of the paper and discussion of
our results.

II. Theory

We assume that the physical characteristics and exit con-
ditions of the nozzles in'Fig. 1, as well as the mixing properties
for each nozzle, are identical. Thus, we focus on the single
segment shown in Fig. 2. In the expansion (r-z) plane, this
segment is bounded by the nozzle centerline and the centerline
of the base between nozzles. In the transverse (r-y) or mixing
plane the segment is bounded by the wedge centerline and the
centerline between wedges. In Fig. 2, 6 denotes the source flow
half-angle, 7, is the flow radius at the nozzle exit, / is half the
distance between nozzles, and w is half the distance between
wedges.

A. Gasdynamic Analysis

The flow in the mixing plane at each streamwise location,
defined by the coordinate r, consists of three regions—an
unmixed fuel stream, an unmixed oxidizer stream, and a
region between the two where the two streams have mixed. To
avoid the computational difficulty of solving separate
gasdynamic equations for these three regions, we calculate an
““average’’ set of gasdynamic properties for the entire flow.
These average quantities are calculated based on an idealized
flow whose properties are taken to be uniform in the y
direction so that the gasdynamic properties between the nozzie
centerline and flow boundary in Fig. 2 depend only on r. To
initiate the calculations for this idealized flow, we assume that
the fuel and oxidizer streams mix instantaneously, without
reacting, at the nozzle exit plane. To account for the finite rate
at which the two streams actually mix, chemical reactions are
assumed to be confined to only a portion of the idealized
stream, denoted as the mixed zone, which lies within the flame
sheet boundary y, shown in Fig. 2. The gasdynamic properties
of the mixed zone, which control the chemical reaction rates,
are assumed to be related in a simple way to the average flow
properties, as discussed in Sec. II.B. However, the heat
released by chemical reactions at any streamwise location is
added to the entire idealized flow at the corresponding value
of r.
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Fig. 2 Geometry for pure source flow laser analysis.

With these assumptions, the idealized flow is essentially a
pure source flow with heat addition, and its gasdynamic
properties are defined by’
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In Eqgs. (1-4), M is the flow Mach number, v the ratio of
specific heats, p the pressure, T the temperature, 7, the total
temperature, and p the density. The subscript / denotes the
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initial value of the variable, i.e., the value at the nozzle exit
plane. In writing these equations, we have neglected the effect
of temperature change and chemical reaction on the specific
heats. A relationship which we shall find useful in the
following sections is

pVr=p,Viri=m/0 S

where m is the mass flow rate per unit length of nozzle.
Equation (5) is, of course, just a statement of mass continuity
for source flows.

The gasdynamics of the laser cavity, as expressed by Eqgs.
(1-4), is influenced by the chemical kinetics because the total
temperature increases due to the thermal energy released by
the pumping and collisional deactivation reactions. An ex-
pression for T, will be derived from the lasing analysis in Sec.
I1.C.

B. Mixed Zone Analysis

The gasdynamic interactions occurring between the fuel
and oxidizer streams at the nozzle exit and during the mixing
process are extremely complex and difficult to analyze in
detail.> The pressure in the sonic fuel stream as it enters the
laser cavity is generally several orders of magnitude greater
than the pressure in the supersonic oxidizer stream. As the
two streams enter the laser cavity and begin mixing, the fuel
stream expands to achieve pressure equilibrium with the
oxidizer stream. The impact of this initial pressure mismatch
on the mixing in the laser cavity has not been treated in detail.
Instead, it is generally assumed that pressure equilibration
occurs instantaneously at the nozzle exit before any ap-
preciable mixing has occurred. This assumption has also been
used in our analysis since we calculate the average gasdynamic
properties at the nozzle exit by instantaneously mixing the two
streams and bringing them to a common gasdynamic state.

To evaluate the thermodynamic properties of the mixed
zone we introduce a number of assumptions which allow us to
relate the mixed zone properties to the average gasdynamic
properties of the flow. Although the mixed zone properties
derived from our analysis do not strictly satisfy the con-
servation laws (in particular, the momentum and energy
equations are not satisfied), they hopefully represent a
reasonable approximation to the actual properties in the
mixed zone. It should be noted that the mixed zone properties
are used primarily to define the temperature and pressure for
calculating the reaction and lasing rates. The average
gasdynamic properties, on the other hand, are calculated
from the conservation equations and, as such, represent a
consistent solution, at least for the idealized flow problem.

The mixed zone between the fuel and oxidizer streams is
assumed to grow according to the power law relation

y =y /w=(x/,)" (6)

where x=r—r; represents the radial distance from the nozzle
exit and ¢,, the mixing length, denotes the distance down-
stream from the nozzle exit where the fuel and oxidizer
streams are fully mixed, i.e., where y’=1. For x>{,, the
width of the mixed zone is, of course, kept fixed at ¥’ =1. The
exponent m is generally taken to be 2 and 1 for laminar and
turbulent mixing, respectively.

The mixing length depends on the diffusion coefficients of
the two streams, their gasdynamic properties, and on the
wedge spacing. For example, {, varies as w’pV/T* for
laminar mixing.®> The mixing length may be artificially
shortened, however, through a variety of mixing enhancement
schemes. Since one purpose of this analysis will be to
determine the effect of mixing length on laser performance,
we will treat £, as an independent variable.

Since the chemical reactions are confined to the mixed zone,
it is necessary to relate the mixed zone properties to the
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average gasdynamic properties, derived in the preceding
section, in order to calculate the reaction rates. To do this, we
assume that pressure equilibration between the mixed and
unmixed regions of the flow occurs instantaneously. Thus, if
we denote mixed zone properties by the subscript 7, we have

Pm=D @)

where p is the average pressure obtained from Eq. (2). In
addition, we assume that the mass flux is uniform in the
region between the wedges so that

oV =pV=1i/rb )

where the last relationship is obtained from Eq. (5). Although
Eq. (8) is commonly used in conjunction with the flame sheet
approximation,*8 it is strictly valid only when the flow is
incompressible and isobaric. Its use is generally justified, as in
our case, because it provides a convenient method of
estimating mixed zone properties.

In specifying the mixed zone temperature, it is necessary to
account for the fact that near the nozzle exit the mixed zone
temperature is higher than the average source flow tem-
perature because the oxidizer stream initially entrained into
the mixing layer originates from the boundary layer of the
flow over the wedges. As more flow is entrained into the
mixed zone, the influence of the initial boundary-layer
temperature on the mixed zone temperature diminishes. In
fact, once the two streams are fully mixed, then the mixed
zone comprises all of the flow and the temperature in the
mixed zone must equal the average gasdynamic temperature 7'
defined by Eq. (3). To reflect this variation in a simple
manner, we assume that the mixed zone temperature 7, is the
weighted average of the initial mixed zone temperature 7,
and the average temperature 7 according to

T,=T, +y (T-T,) ©)

The initial mixed zone temperature, which is considered an
input in this analysis, can be obtained either from experiments
or from a boundary-layer calculation of the flow of the
oxidizer stream over the wedges.

The mixed zone density can now be determined from the
equation of state

pszpm/RuTm (10)

where R, is the universal gas constant and M is the average
molecular weight of the mixed streams. For the reactions
considered here the number of moles remains constant, so
that the average molecular weight is unchanged by chemical
reactions.

The mixed zone concentration of a species S is defined by
the species conservation equation

d
— P Viury' € ) =1y 1
dr 1 m

where V,, is the source flow velocity in the mixed zone, C,,
the mass fraction of species S in the mixed zone, and &, the
rate of change of species S per unit volume of the mixed zone
due to chemical reactions.

For a uniform mass flux between the wedges, the mass
fraction in the mixed zone is related to the flow average mass

fraction C, by
Co=(-y")Cy,+y'C, (12)
where C; is the mass fraction of species S at the nozzle exit.

Substituting Eqgs. (8) and (12) into Eq. (11) yields

d ro
d*[Cs—(l—)")Cx.]=*)’ (13)
r i m

w
Sm
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for the species conservation equation. Equation (13) is ac-
tually a flow average species conservation equation which
complements Egs. (1-4) for the average gasdynamic
properties. The effect of the mixed zone is included in the
production term since w,, is evaluated at the mixed zone
properties and y” limits the fraction of the flow which can
react.

In this analysis we will be concerned with the HF laser
pumped by the reaction

F+H2—*HF(U)+H (14)

where v=0-3 represents the vibrational level of the HF
molecule generated by the reaction. If we denote by Cyp the
flow average mass fraction of all the HF, regardless of
vibrational level, then we can relate the mass fraction of the
reacting species to Cyp by the equations

Cr = Cr, =M Cyp /My , (15)
CHZZCHZI-_MHZCHF/MHF (16)
Cy=MyCpp/Myg (17)

where M is the molecular weight of species S.
The rate of production of HF in the mixing zone is given by

2 My

) _ Pm™Fy " Hyy “HE k T 18
0= g Ko (T) (18)
where &, is the reaction rate for the pumping reaction in
cm?/mole-s. Consistent with our preceding discussion, kp is
evaluated at the mixed zone temperature.

For most chemical lasers of interest, the reaction is fuel rich
and it is instructive to write the pumping equation in terms of
the pumping parameter

: XT:MFCHF/MHFCF,- 19

which represents the ratio of the number of moles of HF
created to the number which would be generated if all the F
atoms had reacted. Thus, X, always lies between zero and
unity, approaching unity for the fuel rich case as the pumping
reaction goes to completion.

If, in addition, we define the laser fuel ratio

R, =2X, /X (20)

where Xy;,, and Xy, are the initial mole fractions of H, and F
in the mixed streams, then Eq. (18) can be rewritten as

ka(T,n) (1— ff)(l— éi(;) @n

In writing Eq. (21), we have used Egs. (12), (15), and (16) to
relate the mixed zone concentrations of the reactants to their
initial values and to the global concentration of HF. In ad-
dition, we have used the relationship

. _ anXF,-XHZ,-MH
WHF,, = M

C,=MX,/M (22)

to relate the average mass fraction of species S to its average
mole fraction. )

Substituting Egs. (19) and (21) into Eq. (13), and using the
initial condition CHF'_ =0, yields

L dx X 2X
Pk, (T (1=0) (1-00) @
L

dr
where

A, =0Xy /bl LeX)
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is a constant. Equation (23) describes the evolution of the HF
concentration in the laser cavity due to mixing and the sub-
sequent reactions in the mixed zone.

C. Lasing Analysis

The pumping reaction, represented by Eq. (14), creates HF
molecules which are excited up to the v=23 vibrational level.
Lasing then occurs on transitions involving - adjacent
vibrorotational levels. In our analysis we will assume that the
population of the rotational levels within each vibrational
level is characterized by an equilibrium distribution at the
mixed zone temperature. Since the initial pumping reaction
produces HF molecules which are not in rotational
equilibrium,® this assumption is valid only if the rate of
rotational relaxation due to collisional deactivation is much
faster than the rate of stimulated emission. At the pressures
typical of source flow chemical lasers (~ 10 Torr), collisional
deactivation is inhibited and it is likely that lasing per-
formance will be influenced somewhat by the rotational
nonequilibrium of the lasing species.

The effect of rotational nonequilibrium on chemical laser
performance has been investigated analytically by several
investigators. (See, for example, Refs. 10 and 11.) These
analyses suggest that the differences between the rotational
equilibrium and nonequilibrium models are not so much in
their predictions of the total output power (the rotational
equilibrium model tends to overpredict the power by ap-
proximately 15-30%) as in the predictions of the spectral
distribution of that power. Since, in this analysis, we are
concerned with establishing trends in the total power, rather
than the spectrum, we will impose the rotational equilibrium
assumption. It should be mentioned that there is a problem in
incorporating a rotational nonequilibrium model, aside from
the obvious increase in computation time required, because
the rotational relaxation rates for many collision partners are
not accurately known.

For the lasing analysis, we assume a Fabry-Perot optical
cavity with lasing only on P-branch transitions. The notation
g, and I, will designate the gain and intensity, respectively,
for the transition (v+1, J—1—v, J). We will assume, in
addition, that the rotational quantum number for the tran-
sition, denoted by the value of J, is the same for all transitions
and -does not vary with distance downstream from the nozzle.
Our derivation of the lasing equations will parallel that of
Mirels,* who, in turn, used a procedure similar to that of
Broadwell'? and Emanuel and Whittier.!* Mirels showed that
the total output power of a Fabry-Perot cavity operating on
several transitions could be represented by a single equation if
the gain is taken to be the same for all lasing transitions, and
if lasing is assumed to be initiated, and terminated,
simultaneously for all transitions. The analysis presented in
this section will actually be an extension of that of Mirels since
we will allow for streamwise variations of the gasdynamic
variables, and in addition we will include the effect of
multiquantum deactivation.

For our source flow treatment to remain strictly valid in the
presence of a radiation field, the intensity of the radiation
would have to be a function only of the radial coordinate.
This requires that the radiation path in the source flow region
coincide with source flow arcs and also that the gain times the
arc length be much less than unity so that we can neglect the
effect of amplification on the magnitude of the intensity as it
traverses the arc. If these two conditions are satisfied, the
power P derived from the single mixing segment shown in Fig.
2 can be obtained from the equation

dP UEI
P :[ 2 gvm(r)lu(r)]yer

where g, is the gain in the mixed zone for the v+1—v
transition, f, the corresponding intensity, and v, the highest
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vibrational level which participates in the lasing. The arc
length rf represents the gain length for the ray at radius 7.

The condition on the gain required for the above equation
to be valid is generally satisfied for chemical lasers of interest.
In fact, we will impose the more stringent requirement that
the gain times the array length in the lasing direction is much
less than unity so that each nozzle in the array will be exposed
to essentially the same radiation field. The first condition,
however, poses a problem since the intensity field is really a
function of x and not r. To retain the source flow formalism,
we assume that I, can be represented as a function of r but in
calculating the power we use the chord rsind rather than the
arc length as the gain length. Thus, we approximate the power
by the equation :

%I_: = [ lg’ g, (r)IU(r)]yfrsinH (25)

Equation (25) should represent a reasonable approximation
for the lasing power which can be extracted for moderate
source flow angles.

A useful parameter for evaluating lasing efficiency in fuel-
rich HF lasers is the chemical specific efficiency 5 defined as

n="P/iCy w (26)

n is a measure of the energy extracted from the laser per gram
of fluorine flowing through the cavity. Equation (25) can be
written in terms of n as

dyp  p’rsind ﬁ
—_— = IR 27
ar = ey, L By @7

The gain in Eq. (27) is by assumption independent of the
vibrational level and its value is calculated based on a gain
equals loss condition for the cavity. To facilitate comparison
with the analysis of Ref. 6, it is convenient to define a
threshold gain g, based on the height # between the nozzle
centerline and the base centerline (see Fig. 2):

_0(R,R,)

0= T TNk

28

where R, and R; are the reflectivities of the mirrors bounding
the cavity and N, denotes the number of primary nozzles in
the array. If the wedges in adjacent nozzles were perfectly
aligned, then the intensity profile as a function of y would
extend only to the edge of the flame sheet for each mixing
layer. For that case, the gain in the mixing layer required to
support lasing is given by

o =8 i
More often, however, the wedges in adjacent nozzles are
offset or canted to provide a more uniform lasing medium. In
that case the intensity profile fills the entire region between
the wedges and a simple calculation shows that the gain must
satisfy

8uh

Eum y'rsinf 29)
Equation (29) merely states that for offset wedges the gain in
the mixed zone must be increased by the factor 1/y’ since the
radiation passing through the mixed zone of one nozzle will
also pass through the unmixed zone of a subsequent nozzle. In
our analysis we will use Eq. (29) to define the gain for the
Fabry-Perot cavity.
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Equation (29) defines the gain in the mixed zone whenever
lasing is occurring. Since the gain is initially zero at r;, there
will be a region adjacent to the nozzle exit where the intensity
is zero and the gain increases to achieve threshold. Once the
gain in the medium achieves the value specified by Eq. (29),

~lasing is initiated. At some point downstream, the gain in the
medium will be insufficient to satisfy Eq. (29) and lasing will
terminate.

It is interesting to note that the gain spec1f1ed by Eq. (29) as
well as the threshold gain condition [Eq. (28)] can both be
expressed in terms of the product of 4 and g,,. Thus, in the
calculations of Sec. III we will specify the product hg,, and
adjust A& to prevent the source flows of adjacent nozzles from
impinging.

The sum in Eq. (27), which represents the sum of the power
from each lasing transition, is evaluated from the species
conservation equation for the individual vibrational levels of
HF. If we denote the mass fraction of HF in the wuth
vibrational level by C,, then we can write a flow average
species conservation equation according to Eq. (13),

) de/dr=0ry’[ap(v)d)HF,,,+d)‘éDm+d>§m]/n'1 30)

where a, (v) represents the fraction of HF pumped into the
vth vibrational level, @yg,, is the rate of production of HF in
the mixed zome [given by Eq. (18)], and wgp, -and O
represent  the rate of change of C, due to collisional deac-
tivation and radiation, respectively.

Explicitly, &¢p,, is given by the expression

C v—1 )
oo, =08, L o |-, ¥ ke (T,
N N

v'=0

Zuf Cu;nkg’»v(T,,,)] 31

vi=v+1

where k%¥ (T,) is the rate for the collisional deactivation
reaction

HF(v) +S—HF(v')+S 32)

The outer sum in Eq. (31) is over all species in the flow. In
writing Eq. (31), we are assuming that there is no dependence
on the vibrational level of the deactivating partner. To
simplify Eq. (31) we assume that each species S has a single
quantum rate and a multiquantum rate such that

K (T,) =K (T 81 (0) 4 K59 () g (0).0" =01

=kSI(T, ) gmq (V),v" <v—2 33)

According to Eq. (33), each species has‘its own absolute rate,
but the scaling of the rates with vibrational level, defined by
g5, (v) and g, (v), is taken to be the same for all species.

The radiation term in Eq. (30) is given by

M .
—lﬁ(gvmlv_gu—lmlv~l) (34)

Ky A—
LORm—

where €=4.54x10* J/mole is the energy difference between
adjacent vibrational levels for HF (assumed to be independent
of v). The gain in the mixed zone is evaluated from

gv,,,=prnav[cu+1m_Acvm]/MHF (35)
The gain cross section in Eq. (35) can be evaluated from*

0,=C,T;3?(1+v—0.010°) (1+0.063J)Je~ 'V~ DTR/Tm (36)

where C,=4.26x 10" ¢cm?-K*2/mole and T, the charac-
teristic rotational temperature, is 30.16 K. The parameter A4 in
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Eq. (35) is given by
A=exp[—2JTx/T,] 37

In this analysis, we neglect the effect of the source flow on
line shape, which is justified for the operating conditions we
will investigate (modest M, low g,,). At high Mach numbers
and high threshold gains, the effect of Doppler ‘broadening of
the line profile results in a decrement in the laser output
power. 1415

After substitution of Eq. (34) for the radiation term, Eq.
(30) can be solved sequentially for the product g,/, for each
lasing transition. Summing over all transitions yields the
relationship

ve—1 . v
dC dC
gvmlvzj‘; { ’/n t [a( ) HF—‘_U:I
e WY'ro o dr

v=0

Y Y ) (38)

v=0 v.=0

Equation (38) provides an expression for the sum necessary
to evaluate Eq. (27) for the chemical specific efficiency. As it
stands, however, the sum cannot be evaluated without first
solving the species equations for each vibrational level of HF
since the C, appear explicitly in the equation. If, however, the
gain on all lasing transitions is taken to be the same, Eq. (35)
can be solved explicitly . for C, in terms of the total mass
fraction of HF and the common gain with the result that*

CU=FUCHF+HUB (39)
where
_A”(A—I) (40)
v Avrtl ]
v—1 0,/0 ve—1 . v—l v
_ 0/9% :
H,=Av! ), =2 —F, 2 [0" E A] (1)
i=0 v=0 v
'M,
p= EmY ur 42)
PGy

In defining 8, we have replaced the symbol g, for the gains in
the mixed zone with the symbol g,, to denote that the gain is
independent of the vibrational level.

Substituting Egs. (38) and (39) into Eq. (27) and writing the
collisional deactivation - term explicitly yields, after some
algebraic simplification, the following equation for the
chemical specific efficiency:

d
dz (nmaxXT S )_DXT S2 (43)
where
esinf
Mmax = }VI—FG v:ov[ap(v) _Fz'] (44)
esind /g, ¥\ «
S, = <L> i vH, 45
! CFO L0y v=0 . ( )
D= esin@ _in i F i 46
- mMF M ~ Sv ( )
esm0 Pn&my’ )
! H, k 47
< MS' =0 S ( )
kg, =k§q(T,n)gﬂ, (V) + oo+ DYKFI(T, ) g, (V) (48)
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In writing Eq. (43) we have substituted Egs. (31) and (33) into
the collisional deactivation term and used Eq. (19) to write
Cyr in terms of the pumping parameter X .

Equation (43) is the source flow counterpart to Eq. (25a) of
Mirels’ analysis?* generalized to include streamwise variations
in the gasdynamic parameters and multiquantum deactivation
processes. According to Eq. (43), the chemical specific ef-
ficiency can be written in terms of the pumping parameter and
four additional parameters which have clear physical
meanings. 7, represents the maximum chemical specific
efficiency which can be achieved at r. It corresponds to the
case of a fully pumped (X = 1), saturated laser (g, =0) with
no collisional deactivation (D =0). The parameters S,, D, and
S, represent the loss in chemical specific efficiency due to
collisional deactivation and saturation effects. S;, which
represents the decrement in the efficiency due to finite gain,
arises because the populations of the excited vibrational levels
required to maintain a value of g increase with g. Thus, less
energy is available for lasing. Likewise, collisional deac-
tivation reduces the lasing energy and this effect is represented
by the last two terms in Eq. (43).

If we define r, as the radius where the lasing threshold
condition [Eq. (29)] is first achieved, then n=0 for r<r, and
Eq. (43) defines the evolution of the gain g,, as a function of
r. For r=r,, g is given by Eq. (29) and Eq. (43) is used to
obtain 7 as a function of r. Termination of lasing occurs at the
cutoff radius r, defined as the radius where dy/dr=0. For
‘r>r.,,nis constant and Eq. (43) once again defines the mixed
zone gain. The solution of Eq. (43) is facilitated by writing it
as a differential equation for the variable p—»,,, X +5,.
Since this parameter varies smoothly with r, this refor-
mulation avoids the numerical difficulties encountered at
r=r, where dn/dr and dg/dr are discontinuous.

We can now evaluate the term in Eq. (1) corresponding to
the increase in total temperature of the source flow. The total
temperature change is given by

dr, =_Cﬁ<dQ dQCD) 9
dr o dr dr
where ¢, is the specific heat per unit mass for the mixed
streams, and dQ,/dr and dQCD/dr represent the thermal
energy added to the flow, in J/g-F, due to the pumping
reaction and collisional deactivation, respectively. Spe-

cifically,
Zf ( )] 1 dX;, 50
a,
o va, (v M, dar (50)

dQ[

where H=1.27x10% J/mole is the heat of reaction for the
pumping reaction. The energy deposited due to collisional
deactivation is given by the last two terms in Eq. (43), namely,

dQCD
—===DX;+S 51
ar T+9; (51)
Substituting Eqgs. (50) and (51) into Eq. (49) and using Eq.
(43) yields

Ty= & {A—/II; [H—e ‘E vap(v)]X

Cp v=0

o X =S, =n)+ T, (52

for the total temperature of the source flow.

The assumptions introduced in these three subsections have
allowed us to reduce the equations for a cw, pure source flow
chemical laser to essentially three coupled, ordinary dif-
ferential equations—Eq. (1) for the average flow Mach
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number, Eq. (23) for the pumping parameter X, and Eq. (43)
for the chemical specific efficiency. These three equations can
be readily solved using a number of standard techniques. In
our analysis, we use a fourth-order Runge-Kutta scheme. It is
worth noting that for most cases of interest the rate of
creation of HF is limited primarily by the mixing of the
reactants. In that case, the solution of the equations is ex-
pedited considerably by transforming the independent
variable from rto y’ through Eq. (6).

III. Application of the Model

In this section, we will illustrate how the model developed
in Sec. II can be used to study the effect of geometry and
nozzle exit conditions on laser performance. For this
illustration we will take the values shown in Table 1 as
baseline conditions. The initial flow radius of 4.64 cm and
source flow half-angle 6 =22 deg are typical for a source flow
laser nozzle. The baseline gasdynamic properties were ob-
tained from a detailed combustor and viscous nozzle-wedge
calculation for a typical operating point. T,,, was taken to be
the average temperature in the boundary layer of the oxidizer
stream at the trailing edge of the wedge. The numerical value
of T,,. shown in the table was obtained from a boundary-layer
analy51s for a typical wedge geometry.

In the following discussion we will investigate the effect on
n of varying either the initial Mach number, the initial radius,
or the mass flux p,¥; independently, while keeping the other
parameters fixed at their baseline values. In each case, the
efficiency will be plotted as a function of the mixing length.
Laminar growth of the mixed zone, corresponding to m="2
in Eq. (6), was assumed in these calculations. The reaction
rates used in the analysis are detailed in Ref. 16.

The chemical specific efficiency was calculated over a range
of values of the rotational quantum number for each case.
The 'value of 75 reported for the parametric studies
corresponds to the J which maximized # for each particular
set of parameters. For most of the cases, this value of J was
either 9 or 10, although a J as high as 12 was required to
maximize 5 for some of the shorter mixing lengths.

It is worth noting that in these calculations we have taken
v,=2 so that we consider only two lasing transitions, even
though the pumping reaction populates up to the third excited
vibrational level. Detailed calculations with a multiline model
indicate that the v =3 to v =2 transition is able to lase only for
very low gains and, even then, only near the nozzle exit.
Lasing on the 2 to 1 and 1 to O transitions is considerably
stronger and these lines have a much longer cutoff radius.
This difference in behavior occurs because the initial
vibrational distribution due to the pumping reaction is much
more favorable for lasing from the lower two levels. Because
of the common gain assumption, we are unable to terminate
lasing independently for each transition. If we keep the 3 to 2
transition, a penalty in % is incurred because some of the
energy available for lasing is taken from the 2to 1 and 1 to 0

Table 1 Baseline conditions

Nozzle geometry Threshold gain
ri=4.64cm hg,, =0.00078
0=22deg
Flow properties Laminar mixing
M;=3.26 m=0.5
Ty, =1130 K
y=1.47
p;0;=0.502 g/cm? s
T,,,I_ =561K

Cr;/Chy/ Cor,/ Crie,/ Ony,
=0.197/0.104/0.410/0.151/0.139
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Fig.3 Effect of initial Mach number on chemical specific efficiency.

transitions in order to keep the gain on the 3 to 2 transition
artificially high. Consequently, predictions of the common
gain model for n generally fall far below the predictions of the
multiline model if all three transitions are kept. On the other
hand, if only the lowest two transitions are considered the
common gain model approximates the multiline model quite
well.

Figure 3 shows the effect of initial Mach number on
chemical specific efficiency as predicted by the model. For a
given Mach number, we note that 5 increases with decreasing
¢.,. This occurs because at the longer mixing lengths lasing is
terminated before mixing is complete so that a substantial
fraction of the fluorine remains unreacted until after the
lasing has cut off. As the mixing length decreases, the fraction
of unreacted fluorine at cutoff is decreased and % increases.
For example, for the baseline case with ¢, =10 cm, the
pumping parameter X, equals only 0.48 when lasing ter-
minates at 2.5 cm from the nozzle exit. On the other hand, for
a mixing length of 4 cm, lasing terminates at a shorter
distance downstream, 1.96 cm, but by that distance X; has
reached a value of 0.68. This increase in the value of X is
reflected in approximately a 40% increase in », from 910 to
1270 J/g-F. For very short mixing lengths, on the order of 1-2
cm, nearly all the fluorine is mixed and reacted before cutoff
occurs and we note a dramatic increase in chemical specific
efficiency. The variation of 5 with {,, demonstrated by the
curves in Fig. 3 will be characteristic of all the cases we will
consider.

Figure 3 also indicates an increase in lasing efficiency with
increasing Mach number. This occurs primarily because, for a
constant mass flux, a higher M, corresponds to lower
pressures and temperatures in the laser cavity. For example,
for the baseliné case the pressure and temperature at the
nozzle exit are p,=5.5 Torr and 7,=320 K, whereas for
M;=4.5,p,=3.1Torrand T; =196 K.

Figure 4 shows the effect on lasing efficiency of halving and
doubling the baseline value of r;. According to the figure,
halving the source flow radius leads to an increase of about
50% in 7 at the longer mixing lengths. The reason for the
enhancement is that the smaller radius nozzle provides greater
area relief to maintain the lower temperatures and pressures
favorable for lasing. Little difference is observed, however,
between the r;=4.64 and 9.28 cm cases. The insensitivity
arises because for these two cases lasing cuts off within 3.6 cm
downstream of the nozzle exit. Thus, neither nozzle is really
able to take advantage of the area relief provided by the
source flow. This suggests that the nozzle radius should be
chosen such that lasing terminates at r, =22r;, (or X, =r;,

MIXING LENGTH, &, ~ cm

Fig. 4 Effect of initial source flow radius on chemical specific ef-
ficiency.
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Fig. 5 Thermodynamic characteristics of a source flow laser
(r;=2.32 em, £, =8 cm).

where x,, is the distance to the cutoff point measured from
the nozzle exit). Figure 4 also shows that all three nozzles
approach the same value of % as the mixing length is reduced,
again because cutoff occurs at such a short distance from the
nozzle exit that none of the nozzles is able to take advantage
of the area expansion of the flow.

The trend of increasing chemical efficiency with decreasing
r. is generally valid, but the radius at which efficiency

7
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becomes insensitive to r; depends on the flow conditions. For
example, at lower throughput levels or higher diluent levels
than those used to generate Fig. 4, x increases so that
significant increases in the chemical efficiency can be obtained
even for relatively large values of r;.

The ability of small radius, source flow nozzles to maintain
thermodynamic conditions favorable for lasing is illustrated
graphically in Fig. 5. Here we have plotted the temperature
and pressure profiles in the laser cavity as a function of
distance from the nozzle-exit for a source flow laser with
r;=2.32 cm and a mixing length of 8 cm. The profiles are
plotted out to x,, which corresponds to 6.5 cm for this case.
Although the total temperature of the flow has increased by
20% by the time lasing cuts off, the area expansion provided
by the source flow has limited the rise in 7 to only ap-
proximately 100 K and the pressure actually falls dramatically
from 5.5 to 1.7 Torr. We have also plotted the variation of the
mixed zone temperature as calculated by Eq. (9) for this case.
It decreases monotonically from 561 K at the nozzle exit to
approximately the average source flow temperature at x_.
The Mach number, although not shown in the figure,
decreases only slightly from 3.26 at. the nozzle exit to 3.11 at
cutoff.

In Fig. 6 we show how the throughput influences 5. The
throughput changes were obtained by varying p;V,; while
keeping the initial mass fractions fixed at the values specified
in Table 1. In general, a decrease in chemical specific ef-
ficiency accompanies an increase in throughput. This occurs
because the flow pressures and temperatures are higher for a
higher throughput if the initial Mach number is kept fixed.

Figures 3-6 indicate that the chemical specific efficiency of
a source flow chemical laser increases with increasing M,,
decreasing r;, decreasing mixing length, and decreasing
throughput. It should be mentioned, however, that increases
in lasing efficiency may not necessarily result in increases in
the laser output power. According to Eq. (26), the power is
proportional not only to n but also to the product p,V; r;
which represents the total flow rate per unit height of nozzle.
Thus, increasing n by decreasing throughput or the initial
source flow radius will result in a decrease in output power
unless the increase in efficiency is sufficient to offset the
decrease in the total flow rate.

IV. Summary
In this paper, we have developed a computationally ef-
ficient model for estimating the performance of source flow
chemical lasers. The analysis assumes that the flow in the laser
cavity can be described, in an average sense, by the equations
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describing a pure source flow with heat addition. The flame
sheet approximation is used to define the growth of the mixed
zone between the laser fuel and oxidizer streams. The
properties of the mixed zone, which define the ther-
modynamic conditions for the lasing and chemical reactions,
are related in a simple way to the average flow properties. The
lasing performance of the cavity is determined by an extension
of Mirels’ analysis* which accounts for multiquantum
deactivation of the lasing species and for variations in the
flow properties with distance downstream.

The model is intended primarily to identify those nozzle exit
conditions and flow geometries which have the potential for
achieving high lasing performance. For the cases investigated,
the model indicates that the chemical specific efficiency in-
creases with increasing nozzle exit Mach number, decreasing
initial flow radius, decreasing throughput, and faster mixing.
In performing these optimization studies, it was assumed that
each parameter could be varied independently. In practice
these parameters are coupled so that changes in the nozzle
design intended to alter the value of one parameter will likely
affect some of the other parameters. For example, decreasing
the radius of the nozzle will affect the gasdynamic conditions
at the nozzle exit, even if the ratio of r; to the throat height is
kept fixed, because of the altered viscous properties of the
smaller nozzle. These effects can be included, of course, when
considering a specific nozzle-wedge configuration. Manu-
facturing and structural considerations also place a practical
limit on the minimum nozzle radius. Although radii on the
order of 1-5 c¢cm are typical of current designs, source flow
laser nozzles with r; on the order of 0.6 cm have been built arid
tested.!? .

A number of approximations were used in developing the
model, particularly in our treatment of the mixing layer
between the fuel and oxidizer streams. These approximations
represent an attempt to retain a simple yet physically realistic
model for the mixing layer. In this regard, it should be
mentioned that our knowledge of the mixing process oc-
curring between the two streams, which enter the laser cavity
with pressures that are different by several orders of
magnitude, is still quite limited. Careful experimental
measurements of mixed zone properties, even for the mixing
of inert streams, in typical laser configurations would be
extremely valuable.

In this analysis, we have also neglected the effects of the
base region between the nozzles on both the lasing kinetics
and on the gasdynamics of the laser cavity. Unless purged, the
base region can adversely affect lasing performance because
of a preponderance of ground state molecules in the slowly
recirculating flow of the base. In addition, the pressure
mismatch between the base region and the flow exiting the
nozzle will, in general, cause the flow to deviate from pure
source flow. This latter effect is discussed in some detail in
Ref. 6. .
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